1. Introduction. Congruences for sums of reciprocals modulo a prime or prime power have been of considerable interest throughout the 20th century, mainly because of their close connection to the first case of Fermat's Last Theorem; see, e.g., [17, pp. 155 ff.] or [11] . Even though this motivation is now only of historical interest, such congruences have continued to attract attention, and have recently been extended to composite moduli; see [1] , [2] or [3] . A brief historical overview is given in [7] , where some of the earlier results, relating sums of reciprocals with Fermat and Euler quotients, have been further extended.
All these papers are based on methods and results of Emma Lehmer, whose 1938 paper [11] remains the most important and influential paper on this topic, although it built on earlier work of Glaisher, Lerch and others. One of the more remarkable congruences in Lehmer's paper [11] is the following one for sums of reciprocals of squares:
valid for all primes p ≥ 5, where E n is the nth Euler number, which can be defined by the exponential generating function (1.2) 2 e t + e −t = ∞ n=0 E n n! t n (|t| < π).
Recently Cai, Fu and Zhou [2] extended (1.1) to prime powers by proving the following congruence for odd primes p and integers α ≥ 1:
(1.3) It is the main purpose of this paper to extend (1.3) to arbitrary moduli n. We begin with odd moduli in Section 3, after we prove some auxiliary results on Euler numbers in Section 2. Our main result in Section 3 relies on a certain arithmetic function which we study further in Section 4, along with some computational results. In Section 5 we consider the question of the extended sum vanishing modulo n (or modulo n/3 when 3 | n), and give a complete characterization for odd n. In Section 6 we deal with even n; finally, Section 7 contains an application to a sum of reciprocals modulo n 2 .
Congruences for Euler numbers.
The Euler numbers, defined in (1.2), have also been studied extensively because of their connection with Fermat's Last Theorem and the arithmetic of cyclotomic fields; see, e.g., [17, p. 202] or [9] . The Euler numbers are integers, and it is immediate from (1.2) that E 2k+1 = 0 for all k ≥ 0 since the generating function is even. Also, it can be shown that even-index Euler numbers have alternating signs, and the first few numbers are 1, −1, 5, −61, 1385, −50521.
One of the more remarkable properties of the Euler numbers is the Kummer congruence, which in its simplest form can be written as (2.1) E 2k+(p−1) ≡ E 2k (mod p) for integers k ≥ 1 and primes p ≥ 3; see, e.g., [15, Ch. 24] . Numerous generalizations are known; see, e.g., [4] , [5] , [6] , [19] , or [20] . In particular, the congruence (2.1) has been extended to prime power moduli (see [10, p. 226] or [6] ):
It is the purpose of this section to extend (2.1) to an arbitrary odd modulus. While (2.2) could easily be used for this purpose, we choose a different approach which we consider interesting. We begin with the congruence
valid for arbitrary integers m ≥ 1 and odd integers n ≥ 1. This congruence can be found in [10, Lemma 2.5], but similar congruences have been known for a long time; see, e.g., [4, p. 36] . We also require the following extension of Euler's generalization of Fermat's Little Theorem. Generalizing the concept of a square free integer, we say that an integer n is (k + 1)th-power free if no prime power higher than the kth power divides n. Lemma 1. Let n and k be positive integers. Then
if and only if n is a (k + 1)th-power free integer.
Proof. Let n = p α 1 1 · · · p αr r , with p 1 , . . . , p r distinct primes and 1 ≤ α j ≤ k for j = 1, . . . , r. Now fix one such j. By Euler's theorem we have
Raising both sides to the power ϕ(p
. Now, if we multiply both sides of (2.5) by a k then, recalling that α j ≤ k, we see that the congruence
holds for all integers a. But j is arbitrary, and thus by the Chinese Remainder Theorem (or in this case simply by the definition of the congruences) we get
, which is (2.4). Conversely, suppose that α j > k for some j. Then for a = p j the exponent of a on the left of (2.4) is some K > k, so that p
The desired extension of the Kummer congruence (2.1) now follows immediately from (2.3) and Lemma 1:
Lemma 2. Let k ≥ 1 be an integer and n ≥ 1 an odd (k + 1)th-power free integer. Then
Proof. Using (2.3) and Lemma 1, we have
which was to be shown.
3. The main result. In this section we are going to extend the generalization (1.3) of Lehmer's congruence (1.1) to arbitrary odd moduli n. For the statement of our result we require the following expression that depends on the prime factorization of n.
Given the odd integer n, write it in its prime power decomposition
Then define the integer A(n) by A(n) = 1 when r = 1, and for r ≥ 2,
With this expression we have the following result for the sum
Theorem 1. Let n be an odd positive integer. Then (3.4)
when n ≡ 0 (mod 9), (−1) (n−1)/2 40 9 A( n 3 )E ϕ(n)−2 (mod n/3) when n ≡ ±3 (mod 9). To simplify notation, we use the following convention for the remainder of this paper:
The main ingredient in the proof of Theorem 1 is the following lemma.
Lemma 3. Let n be an odd positive integer and p a prime divisor of n. If p α is the highest power of p dividing n, then
The idea of proof of Lemma 3 is as follows. We write n = mp α , p m, and divide n/4 into multiples of p α and a (positive or negative) remainder p α /4 . To evaluate the corresponding sums, we use the congruence (1.3) of Cai et al. [2] and the following lemma due to Cai [1, Lemma 1].
Lemma 4. Let n ≥ 2 be an integer. Then
when 3 n, n = 2 a , (mod n/3) when 3 | n, (mod n/2) when n = 2 a .
Remark. In passing we note that S 1 (n) ≡ 0 (mod n) when 3 | n and n has a prime divisor p ≡ 1 (mod 6) (see, [7, Corollary 1]) . While this refinement and the case n even will not be needed here, we will return to it later in Section 6.
Proof of Lemma 3. With n = mp α , p m as above, we let
with ε, ε, ε 1 = ±1. Then ε = εε 1 , and we have
which is easy to verify by direct calculation. Now (3.8) can be rewritten as
When ε = 1, we have a positive remainder upon division by p α ; in this case Lemma 4 (with n = p α ) and (1.3) give (3.10)
(for m ≡ ε = 1 (mod 4)). When ε = −1, then (3.9) indicates that we sum over (m − ε)/4 full ranges of p α , and then subtract a "quarter range" from the last p α -range. The additional (1 − ε)/2 accounts for the final term ((m−ε)/4)p α . Hence again with Lemma 4 (with n = p α ) and (1.3), combined with the fact that 1
we have again (3.10), but with the right-hand side multiplied by −1. That is, altogether we have
To continue, we first note that by a standard argument (see, e.g., [14, p. 144]) we have
Next we use Lemma 2 with n = p α and k = ϕ(p α ) − 2. Since for all odd prime p and integers α ≥ 1 we clearly have ϕ(
the modulus p α is (k + 1)th-power free. Since
an iterated application of Lemma 2 shows that
Finally, this and (3.12) applied to (3.11) gives (3.6).
To obtain Theorem 1 from Lemma 3, we could use an "inclusion-exclusion" argument. However, we find it more convenient to use an equivalent approach via the Möbius function as was done, for instance, in [3, p. 1818 ]. Below we will use the definition of the Möbius function, namely
where p 1 , . . . , p r are distinct primes. We also require the basic property
see, e.g., [14, p. 193] . Let p be a prime divisor of the odd modulus n in Theorem 1, and write n = mp α , p m. If m = 1, then Theorem 1 is just (1.3) and there is nothing more to show; so we assume that m > 1. Using (3.15), we write
To continue, we label the primes in the decomposition (3.13) such that p = p 1 and m = p α 2 2 · · · p αr r . Then with (3.14) the last identity becomes
where for simplicity of notation n * stands for
To finish the proof, we apply Lemma 3 to the right-most sum in (3.16), with n * instead of n in (3.6). Then, applying (3.12) repeatedly to (3.17), we get
Also, with the same argument as in (3.13) we have 
Thus, with (3.16) we have
To complete the proof of Theorem 1, we first assume that 3 n. We let p run through all prime divisors of n, and use the Chinese Remainder Theorem in the following form (see, e.g., [14, pp. 64-65] 
. Now, by Euler's generalization of Fermat's Little Theorem we can take
If we substitute (3.23) into (3.22) and take a j to be the right-hand side of (3.21) (with p replaced by p j ), then we immediately get the first part of (3.4), with A(n) given by (3.2). The case 9 | n requires a more careful analysis. Since the exceptional prime p = 3 is involved, the congruence (3.21) holds only modulo p α−1 (for p = 3), and the combined modulus is n 3 = 3
We proceed as before, but the analogue of (3.22) is now
First, to determine b 1 , we note that
and thus
as required by the Chinese Remainder Theorem. For j ≥ 2 we have
If we substitute (3.25) and (3.26) into (3.24), we see that, with p 1 = 3,
is the solution given by the Chinese Remainder Theorem. This, along with the definition (3.2), leads to the second part of (3.4). Finally, when 3 | n but 9 n (in other words, n ≡ ±3 (mod 9)), then p α = 1 for p = 3, and the congruence (3.21) is meaningless and can be deleted from consideration. However, the factor
(for p 1 = 3) still appears on the right-hand side of (3.22) for all other primes p. This accounts for the extra factor 10/9 in the third part of the right-hand side of (3.4), while the Chinese Remainder Theorem has been used as in the previous parts. The proof of Theorem 1 is now complete.
Some results on the function A(n).
Although the function A(n), as defined in (3.2), is rather complicated, it is possible to derive a few simple properties. The following theorem is the main result of this section; it will be applied in the following section.
Theorem 2. Let n be an odd positive integer. Then: (a) if A(n) ≡ 0 (mod n), then 3 | n but 9 n; (b) if 9 | n and A(n) ≡ 0 (mod n/3), then n = 45.
To prove this, we first note that A(n) ≡ 0 (mod n), resp. A(n) ≡ 0 (mod n/3), if and only if
where we have used the notation of (3.5). We need the following two lemmas. Proof
Hence the congruence (4.1) implies
and upon multiplying both sides by the appropriate products of squares of the p i and renaming ν to j, we get (4.2). The opposite direction follows from the Chinese Remainder Theorem. If 9 | n and A(n) ≡ 0 (mod n/3), the proof remains the same.
Lemma 6. Suppose that either (i) n ≡ ±3 (mod 9) and A(n) ≡ 0 (mod n), or (ii) 9 | n and A(n) ≡ 0 (mod n/3). Then the largest prime factor of n satisfies q ≡ 1 (mod 4), and there is another prime factor p ≡ 3 (mod 4) such that
Proof. First we note that a necessary condition for (4.2) to hold is that the congruences must hold modulo p j . This means that the remainder of the proof is identical for the cases (i) and (ii). Assume that the prime factors of n are ordered by size: p 1 < · · · < p r . Consider the last one of the modified congruences (4.2), namely (4.5)
Now p r has to divide one of the factors in (4.5), say the one for i = ν. If p ν ≡ 1 (mod 4) then the corresponding quadratic term factors, and we have p r | p ν − 1 or p r | p ν + 1, which is impossible since p r is the largest prime factor. If, on the other hand, p ν ≡ 3 (mod 4) then we have p 2 ν + 1 ≡ 0 (mod p r ), and by quadratic reciprocity this is impossible when p r ≡ 3 (mod 4). Therefore we require p r ≡ 1 (mod 4), while there has to be at least one other prime factor p ν ≡ 3 (mod 4). This proves the lemma, with p := p ν and q := p r .
To finish the proof of Theorem 2, we note that by Theorem 1 in [8] , the pair of quadratic congruences (4.3), (4.4) has p = 3, q = 5 as its only prime solution. Then by Lemma 6 the only n which can possibly satisfy conditions (i) or (ii) are of the form n = 3 α 5 β with α ≥ 2 and β ≥ 1. However, in case (a) of Theorem 2 we have Theorem 2(a) is illustrated by Table 1 . In addition to the 26 integers n ≤ 10 8 , there are 57 more n ≤ 10 10 for which A(n) ≡ 0 (mod n). Table 1 also suggests that such n have at least three distinct prime factors. This is indeed the case: Corollary 1. If an odd positive integer n satisfies A(n) ≡ 0 (mod n), then n has at least three distinct prime factors.
Proof. To obtain a contradiction, we assume that n has only two prime factors. By Theorem 2 it is of the form n = 3p α with p ≥ 5 and α ≥ 1. The definition (3.2) gives
Since p 2 ≡ 1 (mod 3) and ϕ(p α ) ≥ 4, we have
Next, when α ≥ 2, then (4.6) with Euler's theorem gives
which proves the corollary for α ≥ 2. If α = 1 then (4.6) gives
When p ≡ 1 (mod 4), then this expression cannot vanish modulo p. When p ≡ 3 (mod 4), we use (4.7) which shows that A(n) ≡ 0 (mod 3).
5. Vanishing sums modulo n. As mentioned in the Introduction, sums of the type (1.1) and the corresponding congruences involving Bernoulli numbers or, as in this case, Euler numbers have been of historical interest in connection with Fermat's Last Theorem. In analogy to irregular primes (see, e.g., [17] ), Ernvall and Metsänkylä [9] studied E-irregular primes. In particular, if the prime p divides the Euler number E p−3 , then (p, p − 3) is called an "E-irregular pair". For easier reference we introduce the following terminology. Definition 1. An odd prime p will be called an E-prime if p | E p−3 , or in other words, if (p, p − 3) is an E-irregular pair.
The first such primes, p = 149 and p = 241, were found in [9] , and using PARI [16] and the congruence (1.1), we found three more such primes up to 50 million. These calculations were verified by D. Staple with a custom C program, and extended up to 200 million. Finally, independently of this paper and using an algorithm due to Peter Montgomery, R. McIntosh [13] had recently computed three further E-primes up to 3 · 10 9 ; see Table 2 . While the E-primes are exactly the prime values n for which S 4 (n) in (3.3) vanishes modulo n, we will now extend this question to all odd integers n. The following result shows that once again the E-primes play an important role in this.
Corollary 2. Let n be an odd positive integer.
(a) If S 4 (n) ≡ 0 (mod n), then n = 45, or n is divisible by an E-prime. (b) If 3 | n and S 4 (n) ≡ 0 (mod n/3), then n = 3, 15, 45, or n is divisible by an E-prime.
Proof. We begin by distinguishing between three cases, corresponding to the cases of Theorem 1. First, if 3 n, then by Theorem 2(a) we have A(n) ≡ 0 (mod n), and consequently by Theorem 1 there must be a prime p > 3, p | n, such that
Next, let n ≡ ±3 (mod 9). If n = 3, then (3.4) holds trivially, and for n = 15, the factor 40 in (3.4) means that the congruence also holds trivially, both modulo n/3; this is not the case modulo n. Otherwise we have, again by Theorem 2(a), A(n/3) ≡ 0 (mod n/3), and by Theorem 1, as before, there is a prime p > 3, p | n, that satisfies (5.1). Finally, it is easy to verify that n = 45 satisfies the congruence in question. However, if 9 | n and n = 45, then by Theorem 2(b) we have A(n) ≡ 0 (mod n/3), and by Theorem 1 there must once again exist a prime p > 3, p | n, that satisfies (5.1). Now, if we write n = p α m with p m, then
and thus, by Kummer's congruence (2.1),
which vanishes modulo p if and only if p is an E-prime. This, with (5.1), completes the proof. Table 3 . All odd n ≤ 2 · 10 7 , 3 n, for which S4(n) This result is illustrated by Tables 3, 4 , and 5. The next result provides explanations for the other prime factors of the solutions n shown in these tables; in fact, we obtain complete characterizations. On account of the three different cases in Theorem 1, we need to distinguish between these cases also here.
To state this result, we use the notation
where p is a prime. Also, p j will denote an odd prime, and δ p,q the Kronecker delta defined by δ p,q = 1 when p = q and 0 otherwise. 
(b) If p 1 = 3 and α 1 ≥ 2, then S 4 (n) ≡ 0 (mod n/3) if and only if
(c) If p 1 = 3 and α 1 = 1, then S 4 (n) ≡ 0 (mod n/3) if and only if
If r = 0 in (a) or r = 1 in (c), we consider the conditions (5.4), resp. (5.6), to be vacuously satisfied.
Proof. , and Lemma 5 still hold when 9 | n, the proof of this part is almost identical to that of part (a), but using the second congruence in (3.4). Another difference is that for p 1 = 3 the congruence (4.2) holds only modulo 3 α 1 −1 , which, however, does not change the assertion of part (b). Finally, since we are dealing with a congruence modulo n/3, the power of 3 occurring in n can be 1 higher than given by the factors in Lemma 5. This accounts for the summand δ 3,p j in (5.5).
(c) Here we use the third part of (3.4), and in place of (5.8) we have A(n/3) ≡ 0 (mod p α j j ), j = 2, . . . , r, since Lemma 5 applies just as in part (a), with n replaced by n/3. Hence the prime p 1 = 3 does not occur in (5.6). On the other hand, special attention must be paid to the prime 5: The factor 40 in (3.4) provides an extra power of 5, in addition to those coming from Lemma 5. This accounts for the summand δ 5,p j in (5.6). Table 4 . All odd n ≤ 2 · 10 7 , 9 | n for which S4(n) ≡ 0 (mod n/3) n factored n factored is the largest odd integer n, not divisible by 3 and having n = 149 as sole E-prime factor, which satisfies S 4 (n) ≡ 0 (mod n). 
we have S 4 (n) ≡ 0 (mod n/3). Furthermore, β = 0 forces α = 2 for the congruence to hold. These are all possibilities for α and β in this case; see also Table 4 . (4) Given the factorizations in Table 2 , Corollary 3(c) shows that for
we have S 4 (n) ≡ 0 (mod n/3), and this congruence holds for no larger β. Although the prime p 1 = 3 does not contribute to the "allowable" powers of 5, the Kronecker delta in (5.6) does add to it, giving a maximum of β = 4.
Theorem 3. Let n = 4m, where m is a positive integer.
(a) If 3 n and n = 2 α , then S 4 (n) ≡ 0 (mod N 1 ), where N 1 ∈ {m, 2m, 4m}. In particular, if m is odd and N 2 ) , where N 2 ∈ {m/3, 2m/3, 4m/3, m, 2m, 4m}. In particular, if m is odd, has a prime divisor p ≡ 1 (mod 6), and
The smallest example for the special case in (b) is n = 4 · 39; note that 13 ≡ 1 (mod 6) and ϕ(39) = 24 ≡ 0 (mod 8).
For the proof of Theorem 3 we require Lemma 4 in Section 3 above, as well as the following lemma which also uses the sum S 1 (n) defined in (3.7).
Lemma 7. Let m ≥ 2 be an integer. Then
when m is even, Proof. If m is even, then an integer j satisfies (j, 4m) = 1 if and only if (j, m) = 1. Hence by comparing the definitions of the sums S 4 (4m) and S 1 (m) in (3.3) and (3.7), respectively, we see that S 4 (4m) = S 1 (m). This immediately gives the first part of (6.1). If we note that for all odd j we have 1/j 2 ≡ 1 (mod 4), we see, again by the definition of S 1 (m), that S 1 (m) ≡ ϕ(m) (mod 4). This proves the first part of (6.2). Now let m be odd. Then
It is straightforward to show by a symmetry argument (see also identity (10) in [1] ) that and this, with (6.3), gives the second part of (6.1).
Finally, since for each fixed k = 1, 2, 3 we have (km + j, 4m) = 1 for exactly those j for which (j, 4m) = 1, the definition of S 4 (n) implies that S 4 (4m) ≡ 1 4 ϕ(4m) = 1 2 ϕ(m) (mod 4), which proves the second part of (6.2). and an extension to odd composite moduli is a consequence of the following results of Cai, Fu and Zhang [2] , and (independently) Cao and Pan [3] : For any positive integer n with (n, 6) = 1 we have (7.4) n/4 j=1 (j,n)=1 1 n − 4j ≡ 3 4 q n (2) − 3 8 nq n (2) 2 (mod n 2 ), where q n (a) is the Euler quotient of n with base a, defined by q n (a) := a ϕ(n) − 1 n , (a, n) = 1, for positive integers a, n with n > 1; this obviously generalizes the Fermat quotient defined by (7.1). Taking this modulo n, we obtain (7.5) n/4 j=1 (j,n)=1 1 j ≡ −3q n (2) (mod n), again for (n, 6) = 1. While the congruence (7.4) alone is not sufficient to prove a modulo n 2 extension of (7.5), in this brief section we will see that Theorem 1 will enable us to do so. Following the example of a congruence modulo p 2 in [11, p. 359], we expand, for odd positive n and (j, n) = 1,
and thus (7.6) 1 j ≡ − 4 n − 4j − n 4 1 j 2 (mod n 2 ).
We are now ready to state the desired extension of the congruence (7.5).
For the sake of simplicity we restrict our attention to the main case where 3 n.
Corollary 4. For any positive integer with (n, 6) = 1 we have
n/4 j=1 (j,n)=1 1 j ≡ −3q n (2)+ 3 2 nq n (2) 2 −(−1) (n−1)/2 nA(n)E ϕ(n)−2 (mod n 2 ).
This follows immediately from (7.6), with Theorem 1 and with (7.4) . By appealing to the second and third parts of Theorem 1, and to results in [7] , this corollary can easily be extended to all odd integers.
